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Abstract. Let H he a, finite-dimensional Hopf algebra. We give a 
description of the tensor product of bimodule categories over Rep(ii'). 
When the bimodule categories are invertible this description can be 
given explicitly. We present some consequences of this description in 
the case _ff is a pointed Hopf algebra. 
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Introduction 

The Brauer-Picard groupoid of finite tensor categories, introduced and 
studied in [6], is the 3-groupoid whose objects are finite tensor categories, 
a 1-morphism between two tensor categories €1,62 are invertible (Ci,C2)- 
bimodule categories, 2-morphisms are equivalences of such bimodule cat- 
egories and 3-morphisms are isomorphisms of such equivalences. Given a 
tensor category C the Brauer-Picard group of C, denoted by BrPic(C), is the 
group of equivalence classes of invertible C-bimodule categories. 

The Brauer-Picard group of a tensor category has been used to classify 
its extensions by a finite group [B]. Also it has a close relation to certain 
structures appearing in mathematical physics, see (TO]- In the work [6] 
the authors compute the Brauer-Picard group of categories Vectc of finite- 
dimensional G-graded vector spaces, where G is an Abelian group. 

It is natural to pursue the computation of the Brauer-Picard group of the 
tensor category of representations of an arbitrary finite-dimensional Hopf 
algebra H. To compute BrPic(Rep(i?)) one has to be able to give an explicit 
description of tensor product of two Rep(i?)-bimodule categories. 

It is well-known that any indecomposable exact Rep(-ff)-bimodule cate- 
gory is equivalent to k-M, the category of finite-dimensional left -fC-modules, 
where K is a right H^^H'^"'^ -simple left ff(8>]is;i?^°P-comodule algebra. If S is 
another such f/'(g)ki/^°P-comodule algebra one could ask about the decompo- 
sition of s-M ^Rcp(H) kM. in indecomposable Rep(i?)-bimodule categories. 



Date: April 9, 2012. 

The work was supported by CONICET, Secyt (UNC), Mincyt (Cordoba) Argentina. 

1 



2 



MOMBELLI 



For group algebras of finite Abelian groups this decomposition was explic- 
itly given in [6j, but for arbitrary Hopf algebras this problem seems more 
complicated. However, if both bimodule categories a'-A^i s-^ are inverti- 
ble then s-M. ^jicp(H) K-M. is indecomposable and, under some additional 
assumptions, it is equivalent to sUhK-M.. We present some consequences 
of this result that will be useful to compute the Brauer-Picard group for 
pointed Hopf algebras over an Abelian group. 

The contents of the paper are the following. Section [2] is dedicated to 
recall necessary definitions and facts on representations of tensor categories. 
In Section [3] we study the tensor product of bimodule categories over the 
category Rep(//), where H is a finite-dimensional Hopf algebra and in Sec- 
tion m we restrict to the case when H is quasi-triangular, allowing us to 
give another proof of [8l Corollary 8.10] concerning about the fusion rules 
of module categories over a finite group. 

1. Preliminaries and notation 

Throughout the paper k will denote an algebraically closed field of char- 
acteristic zero. All vector spaces will be considered over k. For any Abelian 
category A we shall denote by the opposite Abelian category, that is 
objects are the same but arrows are reversed. If A is an algebra we shall 
denote by a-M. the category of finite-dimensional left A-modules. 

If if is a Hopf algebra we shall denote by Sh its antipode. If K, S are 
left i?-comodule algebras with coaction given by Xk, A 5 we shall denote by 
^J^s the category of (i^, 5)-bimodules V equipped with a left i/-coaction 
6 : V ^ H(S^V such that 5 is a morphism of {K, S')-bimodules, that is 

(k-v s)(„i)(^(A; • V ■ s)(o) = A;(_i)i;(_i)S(_i)(8A;(o) • ^(o) • S(o), 

for 8l\ s e S,k e K,v £V. 

If is a Hopf algebra, Hq is the coradical. If (K, A) is a left ff-comodule 
algebra and Hq is a Hopf subalgebra, Kq = X~^{Hoi^tK) is a left Hq- 
comodule algebra. 

1.1. Tensor categories. A tensor category over k is a k-linear Abelian 
rigid monoidal category. Hereafter all tensor categories will be assumed to 
be over a field k. A finite tensor category [7] is a tensor category such that 
it has only a finite number of isomorphism classes of simple objects, Hom 
spaces are finite-dimensional k-vector spaces, all objects have finite lenght, 
every simple object has a projective cover and the unit object is simple. All 
functors will be assumed to be k-linear. 

1.2. Quasi-triangular Hopf algebras. Let H hea Hopf algebra. A quasi- 
triangular structure on H is an invertible element R S H^^H such that 



(1.1) (A^id)(i?) = i?i3i?23, (id®A)(i2) = R13R12, 
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(1.2) i?^/i(i)(g)/?2/i(2) = /l(2)^^^«)/^(l)i^^ for all h(^H. 

It is well known that (5H®id)(i?) = R-^ = (id For the inverse 

of R we shall use the notation R~^ = R^^®R^'^ . 

If {H, R) is a quasi-triangular Hopf algebra the category Rep (if ) is braided 
with braiding given by cx,y '■ X^^Y Y(^kX, cxx{x(^y) = R^ ■ y®R^ ■ x 
for all X, y € Rep(//), x ^ X,y ^ Y . The inverse of c is given by 
c^y{x®y) = R~^ ■ y(^R~'^ ■ x for aU X, y € Rep(i?), x G X, y € F 

2. Representations of tensor categories 

Let C be a tensor category. A left representation of C, or a left module 
category over C is an Abelian category M. equipped with an exact bifunctor 
(E> : C X — > Al, that we will sometimes refer as the action^ natural 
associativity and unit isomorphisms mx,Y,M '■ {X (g) y)(g)M — > X (g) (y(g)M), 
Im : l^Af M such that 

(2.1) mx,Y,Z(S)M 'rnx^Y,z,M = (idx <^ inY,z,M) n^x,Y(gjZ,M {ax,Y,z ® idjv/), 

(2.2) (id X ® lM)mx,i,M = rx O id m- 

A left module category M. is exact [7J, if for any projective object P G C 
the object P®M is projective in M for all M G Al. A right module category 
over C is an Abelian category Ai equipped with an exact bifunctor ® : Adx 
C ^ Ad equipped with isomorphisms fhM,x,Y '■ M(g)(X(8)y) {Mi^X)i^Y , 
rM ■ M01 M such that 

(2.3) mM®x,y,z "^Af,x,y(g)z(id M®ax,Y,z) = (rnA^,x,Y(8)id z) mM,x^Y,z, 

(2.4) irM&dx)mM,i,x = id m'S'Ix- 

A (C, C') — bimodule category is an Abelian category A4 with left C-module 
category and right C'-module category structure together with natural iso- 
morphisms {7x,M,y : (X^M)W :^ X0{M^Y),X e C,Y e C',M £ M} 
satisfying certain axioms. For details the reader is referred to [8, Prop. 
2.12]. A (C, C')-bimodule category is the same as left C M C'°P-module cat- 
egory. Here M denotes Deligne's tensor product of Abelian categories [Ij. 
For a bimodule category M we shall denote by 

{mx,Y,M ■■ {X (g) y)®M ^X(E) (y^M : X, y G C, M G M} and 

{"iM,x,y : M^{X(g)Y) (M^X)W : X,Y eC,M e M} 
the left and right associativity isomorphisms respectively. 

If is a right C-module category then A^°p denotes the opposite Abelian 
category with left C action C x M°p X°p, {M,X) M®X* and asso- 
ciativity isomorphisms yM ~ x* M X,Y C, M € A4. Sim- 
ilarly if is a left C-module category. If A^ is a (C, P)-bimodule category 
then A1°P is a (P, C)-bimodule category. See [U Prop. 2.15]. 
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A module functor between left C-module categories A4 and A4' over a 
tensor category C is a pair (T, c), where T : A4 Ai' is a functor and 
cx,M '■ T{X®M) — X®T{M) is a family of natural isomorphism such that 
for any X,Y eC, M ^ M: 

(2.5) (id X ® cym)cxx^m'^{'^x,y,m) = '^x,y,t{M) cx®y,m 

(2.6) ^r(M) ci,Af = T{£m)- 

We shall denote this functor by (T, c) : — > A^'. Sometimes we shall 
denote the family of isomorphisms to emphasize the fact that they are 
related to the functor T. 

Let A4i and J^2 be left C-module categories. The category whose objects 
are module functors (-F, c) : M.i ^ M.2 will be denoted by Func{A4i, ^A2)■ 
A morphism between {T,c) and {G,d) £ Func(Ali, A^2) is a natural trans- 
formation a : J- ^ Q such that for any X € C, M G Ali: 

(2.7) dx,M^x®M = (idx^aM)cx,Af- 

Two module categories A4i and A42 over C are equivalent if there exist 
module functors F : TWi — )• and G : Mi and natural isomor- 

phisms id Ml F o G, id ^2 G o F that satisfy (|2.7p . 

The direct sum of two module categories Aii and A42 over a tensor cat- 
egory C is the k-linear category Mi x M2 with coordinate-wise module 
structure. A module category is indecomposable if it is not equivalent to a 
direct sum of two non trivial module categories. Any exact module category 
is equivalent to a direct sum of indecomposable exact module categories, see 

If M,Ai' are right C-modules, a module functor from A4 to A4' is a pair 
{T,d) where T : X ^ A^' is a functor and dM,x ■ T{M^X) T{M)®X 
is a family of isomorphisms such that for any X, y G C, M € A^: 

(2.8) {dM,X'SS>i-dY)d^j-^x,Y'^i^M,X,Y) = fnT{M),X,Y ^'^,XiS>Y, 

(2.9) iT{M)Cl,M =T{eM)- 

If A^ , A^' are (C, P)-bimodule categories, a himodule functor is the same as a 
module functor of C Kl D°P-module categories, that is a functor F : M ^ M' 
such that (F, c) : A4 — > A^' is a functor of left C-module categories, also 
{F, d) : M —?■ A4' is a functor of right D-module categories and 

(2.10) (idx(8)dAf,y)cx,M®,y^(7x,M,y) = 7x,F(M),y(cx,A^«'id Y)d^^^^^y, 
for all M G A^, X G C, y G P. 

2.1. Tensor product of bimodule categories. Let C, €',£,£' be tensor 
categories. If A^ is a (C, <5)-bimodule category and M is an (f , C')-bimodule 
category, the tensor product over £ is denoted by M. M. This category 
is a (C, C')-bimodule category. For more details on the tensor product of 
module categories the reader is referred to [6] , [8] . 
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If is a (C, £')-bimodule category and A/" is a (C, ')-bimodule category 
then the category Func(A^,7V) has a structure of {£, iS')-bimodule category, 
see [H Prop. 3.18]. Let us briefly describe both structures. Let us denote 

: £xFunc{M,J\f) Fnnc{M,M),W : £'xFunc{M,M) FunciM,M) 

the left and right actions. UX££,Ye£',Fe Func{M,M) and M £ M, 
then 

(X0'f)(M) = F(M^X), (F0'^y)(M) = F(M)W 

The module structures are the following. Let X,X' G £, M Ai and let 
c5',M • F{X'^M) X'®F{M) be the module functor structure of F. Then 

cfF^ : {X®F){X'®M) X'^{X^F){M) is defined as the composition 

F{{X'®M)®X) F{X'®{M^X)) 'ill-^^ X'^F{M^X). 

The associativity m^^'F • iX0X')'^'-F X^\x'^''F) is the natural 
isomorphism 

F{Am{x^x')) — ^^^^ Fi{Amx)m'), 

for any X,X' e £, M e M. Also the map 



c 



X 



1/ : {FWY){X^M) X(g){F0''Y){M) 



is defined by the composition 
p id 

F{X^M)'^Y ^) {X^F{M))®Y '"'•^^"^'''^ X^{F{M)'^Y). 

Proposition 2.1. P Thm. 3.20] If M is a {£ , C) -bimodule and M is a 
{C, £')-bimodule then there is a canonical equivalence of {£,£') -bimodule cat- 
egories: 

(2.11) M"P^c^ -FunciM,]^). □ 

2.2. The center of a bimodule category. The following definition was 
given in [9|. 

Definition 2.2. If is a C-bimodule category the center of A4 is the 
category Zc{M.) whose objects are pairs (M, (j)^) where M G and {^f : 
X(8)M — )■ M(8)X : X € C} is a family of natural isomorphisms such that 

(2.12) mlj^x^Y(^%Y = (0f ^idy) 7x]m,y (idx^^y ) m^x,Y,M^ 

for all X, y G C, M G A4. A morphism between two objects (M, (/>^), 
{N, 4>^) in Zc{M) is a morphism / : M ^ in such that (/®idx)(/>x = 
0^(idx<^/) for aU X G C. 

Lemma 2.3. (SJ Lemma 7.8] If M. is a C-bimodule category the center 
Zc{M.) is a Z{C) -bimodule category . 
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Let us briefly explain the left and right actions that we shall denote them 
by (di and (dr respectively. For any X € C, M € 7W define 

{X,cxWiiM,<p''') = (X^M,(/.^^^^) and 

iM,<P^')^riX,cx) = (M^X,</>^^®^) 

where 

(2.13) (/.™ = 7xMx(^'ix(^(l>¥)mkyM(''yx(^'^dM){rn{^,x,Mr^, 

(2.14) = ml,^x^y{idM^CYx){ml,^Y,xr\<l>¥^-^dxhYkx^ 
for all y G C. 

2.3. Module categories over Hopf algebras. Assume that i7 is a finite- 
dimensional Hopf algebra and let {A, A) be a left i?-comodule algebra. The 
category is a representation of Rep(/?). The action : Rep(ff) x 
aM aM is given by V^M = V(»kM for all V € Rep(i?), M e aM. 
The left ^-module structure on Vf^^M is given by the coaction A. When A 
is right ff-simple, that is, it has no non-trivial right ideal ff-costable, then 
the category a-^ is exact. Reciprocally, if A4 is an exact indecomposable 
module category over Rep(ff) then there exists a left iJ-comodule algebra 
A right ff-simple with trivial coinvariants such that A4 ~ a-^ ^ Rep(-ff)- 
modules, see ^ Theorem 3.3]. 

Definition 2.4. If {A, p) is a right ff-comodule algebra then {A°^,p) is 
a left i?-comodule algebra, where A°^ denotes the opposite algebra and 
p : A ^ H^A is defined by p{a) = 5//(a(i))(X'a(o), where p{a) = a(o)'^fl(i) 
for all a £ A. We shall denote this left ff-comodule algebra by A. 

Lemma 2.5. There is an equivalence (^A^)°'' — a-^ ^-^ ^^ft Rep(-ff)- 
modules. 

Proof. Define (F,c) : [aM]"^ a^ by F{M) = M* for any M G . 
If / G M*,me M,a€A then (a • /)(m) = /(a • m). For any X G Rep{H), 
M G {aMY^ the maps cx,m ■ F{X®M) X®F{M) are the identities. 
One can easily verify that this functor defines an equivalence of module 
categories. □ 

Proposition 2.6. [1, Prop. 1.23] If A and A! are right H-simple left H- 
comodule algebras, there is an equivalence of categories 

(2.15) ¥nnR,p(^H)UM,A'M)^^,MA. □ 

We shall explain briefly the proof of this Proposition. Any module functor 
(F, c^) : A-^ ~^ A'-M is exact [7], thus there is exists an object P G A'-^A 
such that F{M) = P(^aM. The object P has a left //-comodule structure 
given by 

A : P ^ H(^kP, Kp) = CH,yl(P'»l<»l)> 

for all p G P. 
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For any finite-dimensional Hopf algebra H we shall denote by diag(H) the 
left i?(8>k-f^™^-comodule algebra with H as the underlying algebra structure 
and comodule structure: 

A : diag(H) ^ H(^kH'=°P®kdiag(H), A(h) = h(i)(g)h(3)(g)h(2), 

for all h G H. The category h-M. is a Rep(i7)-bimodule category with 
obvious structure. The proof of the following result is easy and omitted. 

Lemma 2.7. There is an equivalence of l!lep{H)-bimodule categories 

hM ~ diag(H)-A^- 

□ 

3. Tensor product of bimodule categories over Hopf algebras 

Let A,B be finite-dimensional Hopf algebras. A (Rep(i?), Rep(A))-bimo- 
dule category is the same as a left Rep(^^°P(8)5)-module category, see [H 
Prop. 5.5]. Thus any exact (Rep(i?), Rep(74))-bimodule category is equiva- 
lent to the category of left 5-modules, where 5 is a finite-dimensional 
right A''°P(g)i?-simple left A™P(g)i?-comodule algebra, see P Thm. 3.3]. 
The main purpose of this section is to understand the tensor product of 
(Rep(iJ), Rep(74))-bimodule categories. 

Set TTA '■ A<^B —7- A, ttb '■ A^B — )• B the algebra maps 

TTAixiSiy) = e{y)x, -Ksix^y) = e{x)y, 

for all X € A, y G B. If is a left A^°P(S) B-comodule algebra the actions of the 
tensor categories Rep(^), Kep{B) are as follows. If M G sA^, X G Rep(S), 
Y £ Rep{A) then 

X^M = X(g)tM, M^Y = Y(g)kM, 

where the left action of S is: 

s ■ {x(^m) = ttb{s(^i)) ■ a;(g)S(o) ■ m, s ■ {y®m) = 7rA(s(_i)) • y(^S(Q) ■ m, 

for all s € S, x € X, y G y, m G M. We state the following lemma that will 
be useful later. 

Lemma 3.1. For any h € A(^B 

(3.1) 7rB(/i(i))(g)7rA(/i(2)) = vrB(/i(2))07rA(/i(i)). □ 

We shall give to the category ^A4s the following Rep(^)-bimodule cate- 
gory structure. If X,Y e Rep(^), P G f Als then 

X^^P = P^siXf^kS), PWY = Y®^P. 
Here the left 5- module structure on X®kS is given by: 

(3.2) S ■ {X®t) = TTAisi^-l)) ■ X®S(Q)t, 
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for all s,t € 5, X € X. The object X®^P belongs to the category ^-^s 
with the following structure: 

r ■ {p^x(g)t) ■ s = r -p^x^ts, 5i{p(E)X^s) = P(-i)vrB(s(_i))(g)p(o)(Xia;(8)S(o), 

for all X & X , r £ K, s,t £ S,p & P. The object P'l^Y belongs to the 
category with the following structure: 

r ■ {y0p) ■ s = TTA{r^^i)) ■ y®rio) - p- s, 52{y®p) = P{-i)®y®P(o), 

for all r £ K, s,t £ S,p £ P, y € Y . We shall denote the category ^^As 
with the above described Rep(A)-bimodule category by M.{A, B, K, S) to 
emphasize the presence of this extra structure. 

Proposition 3.2. The category A4{A, B , K, S) is a Jiep{A)-bi'module cate- 
gory. 

Proof. The map 6i : X® P B(^tX(g) P is well defined. Indeed, ifxeX, 
s,t £ S,p £ P then 

5i{p ■ t<Six®s) = P{-^i)vrB(t(_i)S(_i))(g)p(o) • t(o)(8)x(g)S(o) 

= P(-i)7rB(t(_i)S(_i))(8)P(o)«'7rA(i(o)(-i)) • a;«)t(o)(o)S{o) 

= P{^l)'^B{t(o)(-l)S(-l))'»P(0)(^TTA{t(-l)) ■ 2;(g)t(o)(0)S(0) 

= 6i{p(^t ■ 

The third equality follows from It can be proven by a straightforward 

computation that both objects X®^ P, P^fV are in the category ^M.s- Let 
X,Y £ Rep(A), P E f A^5, define 

m^x,Y,p ■■ iX®kY)®'P ^ X®\y®^P), 

K/,x,y : PWiX^^Y) ^ {PWX)WY 

by 

'ml'xy^p{p®x®y<®s) = p®y®l®x®s, rn^M,x,Y^^^y'^P) ~ V^^^Pi 

for all X G X,y G Y,p G P, s G S. One can verify easily that both 
maps belong to the category ^M.s and they satisfy axioms (12. ip . (12. 2p and 
(lO]) . ([23]) respectively. The maps 7x,p,y : {X®^P)WY X®\pWY), 
^{y®p<®x®s) = y®>p(Six®)S are morphisms in the category ^Ms and they 
satisfy the requirements of [U Prop. 2.12], hence A4{A, B, K, S) is a Rep(74)- 
bimodule category. □ 

Theorem 3.3. Let K, S be two right A''°"p®^B- simple left A^'^'P^kB-comodule 
algebras. The equivalence (12.15^ establishes an equivalence 

M{A,B,K, 5) ~FunRep(B)(5A^,xA^) 
ofJiep{A)-bimodule categories. 
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Proof. Define $ : MiA,B,K,S) ^ Fnnj^,^^B){sM, kM) by 

<^>{P){N) = P®sN, 

for all P € ^Ais, N G s-^- We shall define on the functor <I> structures 
of left and right Rep(^)-module functor. The natural isomorphisms cx,p ■ 
<^>{X^^P) are defined by 

{cx,p)n ■■ {P®s{X®kS))CdsN P®s{XCdi,N), 

{cx,p)N{p^x®s®n) = p®x®s ■ n, 

for all N G s-^i p(zP,x(zX,s(zS,n(zN. The natural isomorphisms 
dpx ■■ is defined by 

{dp^Y)N ■■ {Y(S)kP)'^sN Y(S)kiP<S)sN), idp^Y)N{y(S)pm) = y®p®n, 

for all p G P, y € n € A^. It is easy to prove that the maps cx,p,dp^Y 
are well-defined and make the functor <I> a left and right Rep(A)-module 
functor, respectively. □ 

Using the previous Theorem, equivalence 12. 1 ll and Lemma [2.5l we obtain: 

Corollary 3.4. Let K be a right A^°^®kB- simple left A^"^®\B-comodule al- 
gebra and L a right B^°^®}^ A- simple left B'^°^ (S>kA-comodule algebra. There 
is an equivalence of l!lep{A)-bimodule categories: 

lM KRep(B) kM^M{A,B, K, I). 

□ 

Recall that L is the opposite algebra of L with left 74'^°P(8)ik-B-comodule 
structure / i-^- (<Sj^^'8i5B)(T(/(_i)))(8)/(o) where / i-^ Z(_i)(8i/(o) is the left 
i?'^°P(8iA-comodule structure and r : B^^A — )■ A(E)kB is the map rib^a) = 
aiS>b. 

Keep in mind that K,S are finite-dimensional left j4'^°P(8)k-B-comodule 
algebras. Using the map ttb ■ AiSntB — )• B the algebras K,S are left B- 
comodule algebras, thus S is a right S-comodule algebra: 

(3.3) S^S(S)kB, s S(o)«)5^^(vrij(s(_i))), 

for all s € S*. Hence it makes sense to consider the co-tensor product 
SCIbK. It is clear that SdsK is a subalgebra of S<SikK. The following 
result is [21 Lemma 2.2]. We shall give the proof for the sake of completeness. 

Lemma 3.5. S^kK is a left B-comodule with coaction p : 5'(8'k/C — > 
Bi^Si^kK given by 

p{s'Sik) = vrB(s(_i))7rB(A;(_i))(g)S(o)<8)fc(o), 

for allseS, k(£ K. Moreover {S(^KY°^ = SDbK. 
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Proof. Let ^ SDbK. Abusing of the notation, from now on we shall 

omit the summation symbol. Then 

S(o)(8)cS^^(vrs(s(_i)))(g)A; = s(g)7rB(A;(_i))(g)/c(o). 

Thus we deduce that 

vrB(s(o)(_i))(8)S(o)(o)«''5^H^B(s(-i)))'»fc = 7rB(s_i)(»S(o)(»vrB(A;(_i))(^/c(o). 
Then 

p{s(^k) = vrB(s(o)(_i))5^^(vrB(s(_i)))(g)S(o)(o)(8'A; = l(g)S(g)/c. 
Now, let s^k G {S^Kf"^ then 

l(g)s(^k = 7rB(s(_i))vrB(fc(_i))(g)S(o)(8)A;(o). 
From this equality we deduce that l(8)S(o)'X)5^"'^(vr5(s(_i)))(8)A; is equal to 

7rij(s(_i))7rij(A;(_i))(^S(o)(o)«)5^HvrB(s(o)(_i)))0/c(o). 
Then S(o)<8'5^"'"(vrB(s(_i)))(8'A; = s(XivrB(A;(_i))(g)A:(o), so s(8)/c G SObK. 

□ 

Define the map X :SDbK ^ A0tA^°P(g)SDBK by 

A(s(g)/c) = cSA(7rA(s(-i)))'X'7rA(A;(-i))«)S(o)<8)A;(o), 
for all s0fc G SDbK. 

Lemma 3.6. {SObK, X) is a left A®}^A'^°'^ -comodule algebra. 

Proof. Let us prove first that A is well-defined. Let s®k G Sn^/C, then 
S(o)(8)5^"'"(vrB(s(_i)))(g)/c = s®TTB{k(^_i))®k^Q-^, hence 

•S(0)(0)®S(0)(-i)'^5^n7i"i?(s(-i)))®^(-i)®^(0) = 

= S(o)®S(-i)'^7rij(fc(_i))0A;(o)(_i)(8)/c(o)(o)- 

Therefore 

S(o){o)«''5A(vrA(s(o)(-i)))(X)5^n7rB('5(-i)))07rA(A;(_i))®A:(o) = 

= S(o)'»'5^(7rA('S(-i)))®7rB(/c(_i))(g)7rA(A;(o)(_i))(8)A;(o)(o)- 
Thus 5A(vrA(s(_i)))(g)7rA(A:(o)(-i))<X)S(o)'^^B(^{-i))<X)A;(o)(o) is equal to 
5A(vrA(s(o)(-i)))(X)vrA(A;(_i))(g)S(o)(o)(X)'S^^(7rB(s(_i)))(8)A:(o). 

Using da?!]) we get that 5A(7rA(s(_-i)))(X)7rA(A;(o)(_i))(8)S(o)<8vrB(A;(„i))(g)A;(o)(o) 
is equal to 5A(vrA(s(_i)))®7rA(/i:(_i))(8)S(o)(o)®5^\vrB(s(o)(_i)))(8)A;(o). Hence 
X(SUbK) C ^^°P(g)^(g)5nBi^. It fohows straightforward that A is an alge- 
bra map. □ 

Lemma 13.51 implies that the category k-^ ^ Rep(A)-bimodule cat- 
egory. In what follows we shall study the relation between this Rep(74)- 
bimodule category and M.{A, B, K, S). 



TENSOR PRODUCT OF BIMODULE CATEGORIES OVER HOPE ALGEBRAS 11 

Let T ■ sobK^ MA B, K, S), Q : M[A, B, K, S) sogK^ be the 
functors defined by 

(3.4) T{N) = (S0tK)(S)sn^^N, g{P) = P'°^, 

for all N G ^A^, P G Ai{A, B, K, S). This pair of functors were con- 
sidered first in [5], see also |2]. The (iiT, 5')-bimodule structure on J^{N) is 
given as follows: 

k' ■ (s(g)A:(g)n) • s' = ss'®k'k®n, for all s, s' e S,k,k' e K,n e N. 
Define the map 5 : J'(iV) B(E)kT{N) by 

(5(s(g)A:(8)n) = 7rB(A;(_i))7rB(s(_i))(8)S(o)(8>A:(o)<8)n, 

for all s e S,k € K,n e N. It follows from {S®KY°^ = SDbK that 5 
is well-defined. Also T{N) € M.{A, B, K, S), details are left to the reader. 
The action of SObK on g{P) is given by 

(s^k) ■ p = k ■ p ■ s, for all s(S>k G SUbK. 

Proposition 3.7. The functors Q are left and right Rep( A) -modw/e func- 
tors. 

Proof. First we shall prove that J-" is a module functor. Let G 'sUbK-^ 
and X G Rep(^). Define 

by cx,N{s0k0x0n) = l^k^n^x^s, for all x £ X, s e S,k £ K,n G N. 
Claim 3.1. The map cx,n is well-defined. 

Proof of claim. First observe that for any x G A, s, t G we have that 

(3.5) x(8)st = S(o) • (5A(vrA(s(_i))) • x^t). 

Recall that the action of S on X<SikS is given in ()3.2p . Let s'(8>A;' G SDbK, 
X e X, s e S,k e K,n e N. Then 

cx,N{{s'i^k) ■ {s''^k')i^x(dn) = cx,Nis's'Sikk''^x(dn) = li^^kk' i^n'Six'S^s' s 

= l(8)A;/c'(g)n(g)s'(o) • (5A(vryi(s'(_i))) • x^s) 
= s'(o)(X>fc^''8'n(X>5A(vrA(s'(_i))) • x^s 

The second equality follows from (|3.5p . On the other hand the element 

cx,Af('S(8i/c(8'5yi(vryi(s'(_i))) • x(8)(s'(o)(8'A:') ■ n) is equal to 

= l(8)/c(8)(s'(o)(8>A:') • n(g)5A(vrA(s'(-i))) • x0s 
= s'(o)'8'feA;'(g)n(8)5A(7rA(s'(_i))) • x(g)s. 

This finishes the proof of the claim. □ 
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Clearly cx,n is a {K, S')-bimodule homomorphism and also a i?-comodule 
homomorphism. Equations (j2.5p and (|2.6p are satisfied. Thus [F, c) is a 
module functor. 

If AT g ^g^^TW and Y G Rep(yl) define 

by dN,Y{s®k®y®n) = 7ryi(fc(_i)) ■ y^s'S)k(Q'j®n for all s G 5, A: G -ftr, n G 
N,y Y. It follows from a straightforward computation that the maps 
d]s[^Y are well-defined isomorphisms in the category M{A, B, K, S) and they 
satisfy equations (|2.8p . (j2.9p . Hence {F,d) is a module functor. 

Now, let us prove that is a module functor. Let P G ^A{A^B,K^S), 
X,y G Rep(^). Set c^p : (P^^^^k^)™'^ ^ XOkP^"-^ the map defined 
by 

Cx,p(P'^a;(g)s) = 5A(vrA(s(_i))) • x(g)p • S(o), 

for ah p(g)j;(g)s G [P^sX^^SY"^ . Define also dpy :: (Y®^Py°^ 
F®kP=°^ by 

d'py{y®p) = ySip, for all y(g)p G (F (g)kP) ^° . 

One can easily prove that (Q, c') is a module functor of left Rep(A)-module 
categories and d') is a module functor of right Rep(A)-module categories. 

□ 



4. Tensor product of module categories over a 
quasi-triangular hopf algebra 

In this section H will denote a finite-dimensional quasi-triangular Hopf 
algebra. We shall describe the tensor product of module categories over 
Rep(F). 

4.1. Module categories over a braided tensor category. First, let 
us recall some general considerations about the tensor product of module 
categories over a braided tensor category. Let C be a braided tensor category 
with braiding cxy ■ X®Y Y®X for all X,Y e C. Let be a right 
C-module. Then A4 has a left C-module structure C x A4 Ai given by 
YW""]^ := M®Y for allY gC, M € M and the associativity constraints 
^x,y,M : {X®Y)W^''M XW^'" (Y®''^'' M) are given by 

I^XXM = 'mM,Y,xi'^dM'^cx,Y)^ 

for all X, y G C, M G This category is indeed a left C-module category, 
see Pi Lemma 7.2], that we shall denote by A4^^^. Equipped with these two 
structures is a C-bimodule category. For details see [8;, Prop. 7.1]. 

Remark 4.1. In particular if is a right C-module and Af are left C-module 
then is a bimodule category using the reverse right action, and the tensor 
product A4Mc M is a left C-module category. 
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If is a C-bimodule category then the center Zc{A4) has two left 2(C)- 
module structures: the one denoted by (di explained in section [212] given by 
equation ()2.14p and the reverse action of the right action 0^ presented in 
()2.13p . Both right actions give the same module category. This result will 
be useful later. 

Proposition 4.2. There is an equivalence of left Z{C)-module categories 
between {Zc{M),Wr'''') and {Zc{M),®i). 

Proof. Define {T,d) : {Zc{M),^i) {Zc{M),Wr'') the module functor 
as follows. The functor T on objects is the identity, that is J-{M,(j)^^) = 
(M,0^^) for any (M,(/.^^) G Zc{M). If {X,cx) G ^(C) define 

dx,M : {X, cxWiiM, (A""') ^ (M, ^^''Wr{X, cx), dM,x = <t^x- 

The maps (f)^ are morphisms in the category Zc{M). Indeed, we must 
prove that ioi all X,Y e C, M e M 

(4.1) (0f ®idy)<^^^^ = </<f^^(idy^$</)f ). 

Using (12.121) one can see that the right hand side of equation (14. Ih equals to 

(4.2) rn'M,x.Y (id M ®cyx ) <P¥®x ("^y,x,M ) " ^ 
and the left hand side of equation 1)4.11) equals to 

(4.3) "i5^,x,y'AxV(cyx<8)idAf)("iy,x,Af)"^- 

Follows from the naturality of (p that the expressions ()4.2p . (14. Sp are equal. 
Let us prove now that the functor (J^, d) is a module functor. Equation (|2.5p 
amounts to 

(4.4) (<Ay ®idx)</'x^*'m^^,y,M = ^M,YA^x,Ym M)<i>f^Y, 

for all X, y G C, M G M. Equation (j4.4p can be checked by a direct 
computation. □ 

4.2. Tensor product of module categories over a quasi-triangular 
Hopf algebra. Let H hea, finite-dimensional quasi-triangular Hopf algebra 
with R-matrix R. Any left Rep(i^)-module category is a Rep(-ff)-bimodule 
category as explained in the beginning of Section 14.11 Given two left H- 
comodule algebras K, S our aim now is to describe the left Rep(if)-module 
category over the tensor product k-M. ^-RcpiH) S-M. using the left module 
category Y\miii,p(^H-^{sM., kM.) and Proposition 12.61 

Proposition 4.3. Let K, S be two left H-comodule algebras. The category 
x-^s is a left Yiep{H) -module. 

Proof Define : Rep(i?) x ^Ms by 

X^P := P(^s{X0tS), 
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for all X € Rep(if), P € x-^S- Here the left action of S on X^^S is given 
by the coaction of S. The object P(E>s{X^kS) € If A^s with structure given 
by 

r • (p(g)x(S's) = r • PYXIS'S, (p^xiSis) • / = piSix^sl, 

for all p € P, r € s, / € 5. Follows straightforward that these maps 
are well defined. Clearly P(g)5(X(g)kS') is a (K, Sj-bimodule and 6p is a 
X-module morphism. The associativity isomorphisms 

mx,Y,P ■ P(S)siX(S)kY)(g)kS {P(E)siY(E)kS))(^sX(S)kS 

are given by 

"T'X,y,p(p'X)(x(g)y)(8)s) = {p(SiR~^ ■ y(8)l)(g)(i?"^ • x(^s), 

for all p ^ P,x £ X,y £ Y, s £ S. The maps mx,Y,p are well defined 
morphisms in the category ^Ms- Indeed, let Z G S" then 

nixx,p{p®l{-i) ■ {x(^y)(^l{o)s) = p®R^^l{-i) ■ y®l(K>i?^^/(_2) • x(^l{(d)S 

= p®l(^2)R^'^ • y®l®/(-i)-R~^ • x(8)/(o)S 

= p®l(^i)R^^ ■ y®/(o)®-R~^ • 

= p ■ l(S>R~^ ■ y(g)l(8)i?~^ • x(g)s 

= 'mx,Y,p(P ' l®x®y(S>s). 

This proofs that mx,Y,p is well-defined. The proof that mxx,p is a {K, S)- 
bimodule morphism is straightforward. Let us prove that mx.Y,p is a co- 
module map. If P = P'SisiY'SikS) then 6p{mx,Y,p{p^{x^y)'S)s)) equals 
to 

for any p £ P, x £ X , y € Y , s £ S. Here R = R^'SiR'^ = J'^^J'^ = r^(g)r2. 
On the other hand {\d H®rnx,Y,p)5p{p®{x(^y)®s) is equal to 

= P(_i)i?^S(_i)(g)p(o)(Xir"-'-p-'-(2) • y(g)l(g)r"^P-'-(i) • x(g)S(o) 

= p(_i)i?^S(_i)(g)p(o)®-RV)''"^ ■ y^S'l'8-R"'"(2)^'"^ • a;(X)S(o)- 
The third equality follows from (II. 2p . Both terms are equal if and only if 

and this follows by (jl.ip . The associativity of m follows from the Yang- 
Baxter equation: R12R13R23 = R23R13R12 ■ D 

We shall denote the category ^M-s with the structure of left Rep(i?)- 
module category explained in Proposition 14.21 by J^{R, K, S) to emphasize 
the fact that the R-matrix in involved in the module category structure. 
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Theorem 4.4. Let K, S be two right H -simple left H-comodule algebras. 
The equivalence (j2.15p establishes an equivalence 

M{R,K,S) ~ FunR,p(^H){sM,KM) 

of Rep(ff) -modules. 

Proof Define (^>,c) : M{R,K,S) Fvinji^p(^H){sM, rM) by 

<^>{P){N) = P(^sN 

for all P G K^S, N G sM. The natural transformations cx,p ■ 
are defined by 

(cx,p)^ : {P<S)siX'^kS))^sN P(g)siX^tN), 

{cx,p) j^{p^x®s^n) = p(g)x(8)s • n, 

for all X G C, P G M{R,K,S), N G sM, x £ X,p £ P,n e N, s £ S. 
The functor (^*,c) is a module functor and is an equivalence of module 
categories. □ 

Corollary 4.5. There is an equivalence of left I{ep{H)-modules: 

(4.5) (5^)°^ M^epiH) kM ^ M{R, K, S). 

□ 

4.3. Fusion rules for Rep(kG)-modules. Let G be a finite group. Us- 
ing the equivalence (14. Sp we can give another proof of [H Corollary 8.10] 
concerning about the tensor product of indecomposable exact module cate- 
gories over Rep(IkG). The Hopf algebra kG is quasi-triangular with trivial 
R-matrix 1(8>1. 

For any subgroup F Q G and ip ^ Z'^{F,h^) the twisted group alge- 
bra k^F is a right kG-simple left kG-comodule algebra. Let C G be 
subgroups and ipi G Z^(Fj,k^) for i = 1,2. Let 5 C G be a set of rep- 
resentative classes of the double cosets F2\G/ Fi . For any s £ S define 
Fs = fi-^Fis n F2 and ips G Z'^{Fs,k^) the 2-cocycle defined by 

ips{x, y) = V'i(sxs"\ sys"^) ^2{x, y), 

for any x,y £ Fg. 

Proposition 4.6. [8, Corollary 8.10] There is an equivalence 

(4.6) k^.F^M KRcp(kG) k^^F^M ~ k^^F^M 

ses 

Proof Let ^ G ^ F2-^ k^ Fi "^^^^ coaction given by 6 : V ^ kG^V. Then 
V = (Bg<=G^g where Vg = {v £ V : 6{v) = g0v}. For any s £ S define 

V{s) = ®g&FisF2 Vg, 

thus V = ®ses y{s) and each vector space Vf^g) is a subobject of V in the 
category l^p^M^-j^. 
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The subspace Vg carries a structure of k^^Fg as follows. For any h G Fs, 
V G Vs define 

ht> V = h ■ {v ■ shs~^). 

Define the functor T : 1';^f,M^, 0,65 Hs^sM, F{V) = ®sesVs 
and for any s G S the vector space Vs has the action of k^^ Fg as explained 
before. The functor is indeed a module functor. 

Let V F2-^ k^ Fi assume that V = V(^s) ^ov some s € 5. It is not 
difficult to see that 

for any X £ Rep(lkG), hence 

T{X^V) = e/gFi^s/«'k^^Fi(^(8)kkv,ii^i) 

as vector spaces. Define cxy '■ J^{X(dV) — )■ X0kJ^{V) by 

cx,v{v^x0f) = f ■ x®v ■ /, 

for any x€X,v€V, f&Fi. It follows from a straightforward computation 
that the map cxy is well-defined and equations ()2.5p . (|2.6p are satisfied. 
Now, define G : e.es ^^sF^M ^ l^^p^M^ as follows. If G u^^f^ 
for some s € S then 

= (kFi0kkF2)0k^^i.,Ty. 

The right action of k^^F, on the tensor product kFi(K)ikk-F2 is 

{x0y) ■ f = V'i(x~\ s/s"^)'02(y, /) s~^f~^sx(^yf, 

for all X £ Fi,y e F2,f e Fs. 

For any x, f £ Fi, y, g £ F2, w £ W define 

g • {x(S>y<^w) = ip2{g,y) (x^gy^w), 
{x(S)y<S'w) ■ f = 'ipi{f,x~^) {xf^^(S)y(S)w), 
5{x^y^w) = ysx (^{x^y^w). 
Equipped with these maps the object G{W) is an object in the category 

5. Applications for computing the Brauer-Picard group 

5.1. The Brauer-Picard group of a tensor category. Let Ci,C2 be 
finite tensor categories. The following definitions were given in [6]. 

Definition 5.1. (a) An exact (Ci, C2)-bimodule category ^A is inverti- 
ble if there are bimodule equivalences 
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(b) The Brauer-Picard groupoid BrPic is the 3-groupoid whose objects 
are finite tensor categories, 1-morphisms from Ci to C2 are inver- 
tible (Ci, C2)-bimodule categories, 2-morphisms are equivalences of 
such bimodule categories, and 3-morphisms are isomorphisms of such 
equivalences. Forgetting the 3-morphisms and the 2-morphisms and 
identifying 1-morphisms one obtains the groupoid BrPic. The group 
BrPic(C) of automorphisms of C in BrPic is called the Brauer-Picard 
group of C. 

5.2. Invertible module categories over a braided tensor category. 

Let C be a braided tensor category. Any left C-module category is a C- 
bimodule category using the reverse action as explained in section [^Tl 

Definition 5.2. We shall say that an exact C-module category Ai is inver- 
tible if there is a bimodule equivalence 

The group of invertible C-module categories will be denoted by InvMod (C) 

Proposition 5.3. Let C be a tensor category. There is an isomorphism of 
groups BrPic (C) ~ InvMod {Z{C)). 

Proof. Denote by Z : Bimod (C) — )• Mod (C) the center functor. As a con- 
sequence of [U Thm. 7.13, Lemma 7.14] and Proposition 14.21 this functor 
restricts to an isomorphism of groups. □ 

5.3. Invertible Rep(/7)-bimodule categories. In this section we study 
the tensor product of invertible module categories over the representation 
categories of Hopf algebras using the tools developed in the previous sections. 

Let H hea finite-dimensional Hopf algebra. Recall that if is a Rep(if)- 
bimodule category, then there exists a left //(8'k^^™''-comodule algebra K, 
right HiSikH^"^ -simple with trivial coinvariants such that A4 ~ as 
Rep(//)-bimodule categories. 

Theorem 5.4. Let K, S be left L[(S)uLP'°P-comodule algebras right F(8)ikff™P- 
simple with trivial coinvariants. Assume also that 

(i) S^kK is free as a left SDHL^-fnodule, 

(ii) the module category sUrkM. is exact, and 

(iii) s-^iK-M. are invertible l!lep{LI) -bimodule categories. 
Then, there is an equivalence of Rep{H) -bimodule categories 

(5.1) sM M^epiH) kM ^ SDhkM. 

Proof. By Corollary 13.41 there exists an equivalence of Rep(ff)-bimodule 
categories 

sM M^epiH) kM^M {H, H, K, S). 
Since invertible bimodule categories are indecomposable, then the category 
M{H, H, K, S) is an indecomposable bimodule category. Consider the func- 
tor : sOhkM — )• M{L[, L[, K, S) explained in ()3.4p . Since S/SitK is free 
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as a left SO hK -module then J-" is full and faithful. The full subcategory of 
Ai{H, H, K, S) consisting of objects J^{N) where G sUhK-M is an exact 
submodule category and since M.{H, H, K, S) is indecomposable, T must 
be an equivalence, see (TT, pag. 91]. □ 

The left //(8)kf/''^°P-comodule algebra diag(H) can be thought as a coideal 
subalgebra in H^^H'^"^. The map i : diag(H) — )• H(8)kH'^°P given by t{h) = 
h(i)®h(2) is an injective comodule algebra map. Let Q be the coalgebra 
quotient (//®kF™P)/(F0kF™P) diag(H)+. 

Corollary 5.5. Let K, S be left H®^H''°^ -comodule algebras right ii"(g)k-ff™P- 
simple with trivial coinvariants such that conditions (i) and (ii) of Theorem 
\5.4\ are fulfilled and sM. ^Rep(_f/) K-M ~ Rep(ff). Then, there is an isomor- 
phism of H®^H^°'^- comodule algebras 

(5.2) SUhK ~ Enddiag(H)(^^ki^'°Png^), 
for some V € '^M. Moreover 

(5.3) (5n/^i^)™^®^^'°' = End'?(y). 

Proof. By Theorem 15.41 the module categories sUhkM, diag(H)-^ are equiv- 
alent. It follows from [H Lemma 1.26] that there exists an object P G 
H®'-^'"" M ^^.^^iji) such that 

5ni^i^~Enddiag(H)(i^)- 

The left ff(8)k-ff™P-comodule structure on Enddiag(H)(-P) is given by A : 
Enddiag(H)(^) ^ ^r0kF™P0kEnddiag(H)(^), A(r) = T(_i)®r(o) where 

(5.4) (a,r(_i))ro(p) = (a,r(p(o))(_i)5"^(p(_i)))r(p(o))(o), 
for any a € (i?®k//^°P)*, T G Enddiag(H)(^'),J G P- 

There is an equivalence of categories Al diag(H) — ^M- The func- 

tors : ^^^■^"''yWdiag{H) ^ ^M, $ : ^ ^^^■^"''XdiagCH) defined 

by 

^>{M) = M/{H®kH'"P) diag(H)+, $(V) = (H$5kH™P)nQV, 

M G ^^^^"''TWdiagCH), ^ G give an equivalence of categories. The left 
F(g)kF™P-comodule structure on {H^tH^°P)DQV, 6 : {H®tH^°P)nQV 
i7(g)k-f/'™P(8)k(-f^(X)k-H'''°'')nQ^ and the right diag(H)-action are given by 

S{h(S)t0v) = /i(i)(8)t(2)(8)/i(i)(8't(i)(8'u, (h^t^v) ■ x = hx(]^®tx{2)®v, 
for all X G H,h®t®v G [H (S)tH'^°'^)'dQV . This proves isomorphism (j5.2p . 
Isomorphism follows from Enddiag(H)(-P)''°-^ = End^i^g(jj) (P) . □ 

Corollary 5.6. Assume H is pointed. Let K,S be left H^kH'^"^ -comodule 
algebras as in Corollary \5.5[ Assume also that 

(5.5) {SaHK)o = SoUh^Ko. 

Then So-^) Ko^M. are invertible Jiep{HQ)-bimodule categories. 
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Proof. By Corollary 15.51 there exists an object V G such that 

SDhK ~ Enddiag(H)(^^k^™PnQ^) ^ }iomtiV,H(^kH'^''PDQV). 

Let us explain the second isomorphism. The space Homfe(y, iJc^kff^PQQl/) 
is a left if(8)k-f^'^°^-comoduIe via T T(_i)(8)T(o) such that for all a G 

(a,T(_i))To(u) = (a,r(?;(o))(_i)5"^(t;(_i)))r(u(o))(o), 

for all f G Recall that we are identifying diag(H) with the coideal 
subalgebra i(diag(H)) C H®kH'^°P. There is an isomorphism H0kH^°^ — 
Q®ikdiag(H) of right diag(H)-modules and right Q-comodules [131 Thm. 
6.1]. 

Define : Enddiag(H)(^®kii'™PnQl^) ^ Bomu{V, H^uH^'^PagV), V : 
Homk(y,i/®ki7-PnQy) ^ Enddiag(H)(^®ki^'°PnQ'^) by 

^{T){v) = T{l0v), il>{U){h®v) = (/i0l) • U{v), 

for all f G y, G diag(H). One can readily prove that (f) and ip are one the 
inverse of each other and they are comodule morphisms. Thus, there are 
isomorphisms 

{SUhK\ ~ Homk(y, H^^H'^'mQV)^ ~ Homk(yo, P), 

where P = {Y^h(g)v G H0ttH''°P\I\QV : /i G i7o<^ik-f^o}- Since there is an 
isomorphism P ~ diag(Ho)(8>kVo then 

Homk(Vo,-P) ^ Enddiag(Ho)(^)> 

which implies that the bimodule categories (snHK)o-^^ diag{Ho)-^ equiv- 
alent. By hypothesis ()5.5p the bimodule categories SoDhqKo-^^ diag(Ho)-^ 
are equivalent. Using Theorem 15.41 we get that both categories Sq-M., KqM. 
are invertible Rep(//o)-bimodule categories. 

□ 

Let H he a, pointed Hopf algebra such that the coradical is the group 
algebra of an Abelian group G. Corollary 15.61 tells us that to find invertible 
Rep(iif)-bimodule categories we have to look at those comodule algebras 
K such that Kq = k^F where F C G is a subgroup, G Z^(F, k^) is a 
2-cocycle such that the Morita class of the pair (F, ip) belongs to the Brauer- 
Picard group of Rep(kG) that has been computed in |6|. 

Remark 5.7. In general there is an inclusion {SUhK)q ^ SqU\hqKq. Equal- 
ity is not true for arbitrary comodule algebras, however ()5.5p seems to be 
fulfilled in many examples of comodule algebras over pointed Hopf algebras 
such that the bimodule categories are invertible. 
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5.4. The Brauer-Picard group of Rep(G). In this Section we compare 
the product of the Brauer-Picard group of the category of representations 
of a finite Abehan group G obtained in [6] and the product (]5.ip . 

Let G be a finite Abehan group. The group 0{G ® G) consists of group 
isomorphisms a: G®G^G®G such that (02(5, x)-, otiid-, x)) = (Xi 9) for 
all 5 e G,x G G. Here Oi{g,x) = (ai(ff, x), "2(5, x))- 
Theorem 5.8. [6l Corollary 1.2] There is an isomorphism of groups 

BrPic{Rep{G)) ~ 0{G © G). 

□ 

Let a £ 0{G © G) and define Ua Q G x G the subgroup 
La = {{ai{g,x),9) ■■ g £ G,x ^ G}. 
and the 2-cocycle '■ La x La defined by 

V'a((ai(£/,x),ff), (ai(^,0») = {a2{g,xr^,ai{h,0){x,h). 
It was proved in f6j that the bimodule categories k^^La-^ are invertible. 
Proposition 5.9. There is an equivalence of l!iep{kG) -bimodule categories 

Proof It follows directly from Theorem 15. 4[ □ 

Remark 5.10. The product in BrPic(Rep(G)) for a non-Abelian group G 
remains as an open problem. As pointed out by the referee to describe 
the elements and the product in BrPic(Rep(G)) one might have to use the 
description given in [3l Corollary 3.6.3]. 
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